We study the zero sound and the first sound in a dilute and ultracold disk-shaped normal Fermi gas with a strong harmonic confinement along the axial direction and uniform in the two planar directions. Working at zero temperature we calculate the chemical potential µ of the fermionic fluid as a function of the uniform planar density ρ and find that µ changes its slope in correspondence to the filling of harmonic axial modes (shell effects). Within the linear response theory, and under the random phase approximation, we calculate the velocity c 0 s of the zero sound. We find that also c 0 s changes its slope in correspondence of the filling of the harmonic axial modes and that this effect depends on the Fermi-Fermi scattering length aF . In the collisional regime, we calculate the velocity cs of first sound showing that cs displays jumps at critical densities fixed by the scattering length aF . Finally, we discuss the experimental achievability of these zero sound and first sound waves with ultracold alkali-metal atoms.
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I. INTRODUCTION
Effects of quantum statistics are observable with both bosonic [1, 2] and fermionic [3, 4, 5, 6, 7] vapors of alkalimetal atoms at ultra-low temperatures. In these quantum degenerate gases, the role of dimensionality has been experimentally studied with bosons [8, 9, 10] , while for fermions, there are only theoretical predictions. In particular, it has been suggested that a reduced dimensionality strongly modifies density profiles [11, 12, 13, 14] , collective modes [15, 16] and stability of mixtures [17, 18] . Also sound velocities have been theoretically investigated in reduced dimensions for both normal [16, 19] and superfluid Fermi gases [20, 21, 22] .
It has been shown that, in the weak coupling limit, the zero sound velocity c 0 s and the first sound velocity c s of a normal Fermi gas are equal in the strictly onedimensional (1D) geometry [16] , contrary to the 3D case where they differ by a factor √ 3 if the system is uniform [23, 24, 25] , or by a factor √ 5 if the system is cigarshaped due to a isotropic harmonic confinement in two directions [19] . Very recently we have studied the first sound velocity c s of a normal cigar-shaped Fermi gas in the 1D to 3D crossover, showing that c s exhibits jumps in correspondence of the filling of planar harmonic shells [26] .
In this paper we investigate, at zero temperature, the zero sound velocity c 0 s and the first sound velocity c s of a normal Fermi gas in the dimensional crossover from 2D to 3D by considering a harmonic confinement in the axial direction. We show that by increasing the planar density ρ of fermions (or equivalently the chemical potential µ) one induces the dimensional crossover in the system. In general, collective sound modes in a normal Fermi system are of two kinds. When the collision time τ between quasiparticles is much greater than the period (ω −1 ) of the mode itself, i.e. if ωτ ≫ 1, the system is in the so-called collisionless regime. In presence of a repulsive interaction, the resulting collective mode is known as zero sound [23, 24, 25, 27, 28, 29] . In the present work we approach the problem calculating the densitydensity response function in the random-phase approximation. The poles of this response function lead to the zero sound dispersion law and to its velocity of propagation c 0 s in the radial plane, where the gas is not confined. We investigate the behavior of the zero sound velocity c 0 s as a function of the chemical potential, or, equivalently, of the fermionic density in the transverse radial plane.
When collisions between atoms are characterized by a sufficiently small collision time such that ωτ ≪ 1, the system may be assumed to be at thermal equilibrium. In this regime, the Fermi fluid is accurately described by quantum hydrodynamics equations where the fermionic nature appears in the bulk equation of state [23, 25, 27] . In this case, the collective mode is called first sound (or ordinary sound, or collisional sound). The first sound velocity c s has been studied previously both in the 1D-3D and 2D-3D crossovers [30, 31] , and in a 3D cylindrical geometry [32] for an ultracold Bose gas. It is important to stress that the propagation of ordinary sound in spin unpolarized Fermi gases may be studied also from the experimental point of view. For instance, Joseph and coworkers [33] were able to excite first sound waves in an optically trapped Fermi degenerate gas of spin-up and spin-down atoms by using magnetically tunable interactions. In this paper we predict that, as in the 1D-3D crossover [26] , the first sound velocity c s displays observable shell effects in the 2D-3D crossover of a disk-shaped ultracold Fermi gas. By increasing the planar density ρ, that is by inducing the crossover from two-dimensions to three-dimensions, c s shows jumps in correspondence of the filling of harmonic modes. Such jumps of the sound velocity, even if less pronounced than the ones predicted in the 1D-3D crossover [26] , can be experimentally observed.
In the last part of the paper we establish the experimental conditions to be achieved for detecting zero sound and first sound. In particular, by considering 40 K atoms, we estimate the critical mode frequency ω c which discriminates between the collisional and the collisionless regimes.
II. CONFINED INTERACTING FERMI GAS
We consider an ultracold normal Fermi gas with twospin components confined by a harmonic trap in the axial direction and investigate the regime where the temperature T of the gas is well below the Fermi temperature T F so that we may use a zero-temperature approach and treat separately the collisionless and the collisional regimes. The Hamiltonian of the dilute Fermi gas trapped by the external harmonic potential
and free to move in the (x, y) plane in a square box of size L, is given bŷ
where σ = {↑, ↓} denotes the spin variable, and the interatomic coupling is
with a F > 0 being the s-wave scattering length.Ψ σ (r) andΨ † σ (r) are the usual operators annihilating or creating a fermion of spin σ at the position r, therefore obeying anticommutation relations [23, 24, 25, 27] . The field operator can be written aŝ
in terms of the single-particle operatorsĉ σ,α (ĉ † σ,α ) destroying (creating) a fermion of spin σ with the singleparticle wave function φ α (r). Because of the symmetry of the problem, φ α (r) can be factorized into the product of eigenfunctions of the harmonic oscillator in the z direction and plane waves describing free motion in the (x, y) plane. The field operator, then, may be written aŝ
with R ≡ (x, y), and where ψ m (z) is the real function
is the j-th Hermite polynomial of argument z/a z , a z = h/(mω z ) being the characteristic length of the axial harmonic potential. The two dimensional wave vector K ≡ (K x , K y ) embeds the translational invariance in the radial plane. By imposing periodic boundary conditions in the box of length L along x and y directions, the components K x and K y of K are quantized according to:
and K y = 2π L i y , where i x and i y are integer quantum numbers. The index α reads (j, K x , K y ), or in a more compact form (j, K). By inserting Eq. (4) into (2) the Hamiltonian takes the formĤ
and (10) Eq. (9) gives the single-particle energies of noninteracting fermions. To obtain the single-particle energies of interacting fermions we calculate the two-spin Green function
where T denotes the time ordering operator. Here and in the following, we will represent the operators in the interaction picture (withĤ 0 the unperturbed Hamiltonian), and will evaluate the averages with respect to the ground state of the Hamiltonian (6). In the calculation of the Green function we use a mean field approach and replace the four operators terms involved inĤ int with ĉ Green function with σ = σ ′ and j 1 = j 2 = j give directly the single-particle energies ǫ j,K of the interacting fermions
where
is the total number of fermions in the harmonic shell l and u j,l = u l,j = W l,l,j,j is obtained from Eq. (10). In Tab. 1 we report the numerical values of the coefficients u l,j for l and j up to 4.
The maximum positive integer l max involved in the summation at the right hand side of Eq. (12) clearly depends on the single-particle state (j, K) and on the interaction strength g F .
If spin-up and spin-down states are equally populated we may write the total number of fermions in the l-th harmonic state as
withμ the chemical potential, i.e. the Fermi energy. From here we may calculate the 2D fermion density in the (x, y) plane as a function of the chemical potential. Under the condition L ≫ a z on the planar box size, the summation over K may be repaced by an integral to get the 2D density associated to the jth axial mode, which is uniform in the (x, y) plane and is given by Table 1 .
If only only the lowest (j = 0) single-particle mode along the z axis is occupied, then the system may be considered as strictly 2D. After inserting Eq. (12) into Eq. (15) an easy integration gives
is the chemical potential measured with respect to the ground state energy of the axial harmonic potential. The expression (16) may be rewritten as
is the scaled inter-atomic strength. The total planar density is then given by
where the only nonzero densities ρ 0 , ρ 1 , ..., ρ lmax−1 , ρ lmax are obtained by solving the l max + 1 Eqs. (18) at fixed µ and g. The value of l max is determined by requiring that all the l max + 1 solutions are positive. Note that when only ρ 0 is non zero, we have a strictly 2D system. In Fig.1 we plot the chemical potential µ as a function of the planar density ρ for three values of the scaled interaction strength g. The figure shows the changes in the slope of these curves which occur when the planar density is sufficiently large so that a new excited level of the axial harmonic well (a new shell) begins to be populated.
III. ZERO SOUND
In the present section we analyze the collective mode of the fermionic gas in the collisionless regime, i.e zero sound. To this end we calculate the density-density response function:
since its poles provide the dispersion relation and the velocity of propagation of this mode. In Eq. (21) we have introduced the 2D density number operatorn σ (Q) according tô
At any time, we may definê
We proceed by calculating the equations of motion for spin diagonal (σ = σ ′ ) and non diagonal (σ = σ ′ ) densitydensity response functions
After a lengthy but straightforward calculation and using RPA [24, 28] to decouple the higher order response function coming from the commutator on the r.h.s. of the equation of motion, the time Fourier transforms χ l,l (Q, ω) of the spin diagonal and non-diagonal densitydensity response functions read, respectively
(Q, ω), appearing in both equations, is given by
where the positive imaginary term in the denominator ensures causality and the limit η → 0 + will eventually be taken. The totally symmetric density-density response function defined as
finally reads
This equation is one of the main results of the paper. It may be recast in the form of a system of equations for the response functions χ l,l (Q, ω) pertaining to the various axial modes l:
in terms of which the full response function is given by
The poles of this response function coincide with the zeros of the determinant of the matrix of coefficients of χ l,l (Q, ω) in the system of equations (27) in the limit η → 0 + . Since zero sound is appreciably damped for large Q, [24] , we look for zeros of the determinant in the limit Q → 0. In this regime, one may evaluate χ
to find
where use of Eq. (16) has been made. Note that
is the planar Fermi velocity in the l-th axial shell (l = 0, 1, ..., l max ). v F,l corresponds to the Fermi velocity of a strictly 2D uniform Fermi gas with density ρ l , which at fixed µ is a function of g. Using Eq. (28), we may calculate the response of the system for any value of the chemical potential, i.e. for any number of excited levels of the axial harmonic trap. We start by considering the case when only the lowest state of the harmonic axial well is populated, i.e. l max = 0. Then, from Eq. (27) , one gets the density response function χ 0,0 (Q, ω) as
By using Eq. (30) with l = 0, we find easily that the poles of Eq. (32) satisfy ω = c 0 s Q where the velocity of zero sound is given by
with
the term which takes into account the effects of interaction. We remind that the chemical potential µ is related to the 2D density ρ by Eq. (18), i.e.
The expression (33) for the zero sound velocity coincides with that of a strictly 2D Fermi gas [29] of density ρ 0 , with the effect of the axial harmonic trap embodied in the definition of the dimensionless parameter g u 0,0 as the effective 2D coupling. We recognize in this effective 2D coupling the familiar Landau parameter F 0 [29] for a strictly interacting 2D Fermi gas. Let us denote g u 0,0 by F 0 . By using this definition and the Eq. (35), we may express the zero sound velocity (33) in terms of F 0
Now we consider a density ρ large enough so that some excited axial harmonic levels are populated. In this case, the velocity of zero sound is given by the zero of the determinant of the matrix in the l.h.s. of Eq. (27) with ω > Q. The calculation is again straightforward and the results are reported in Fig. 2 , where we display the zero sound velocity c 0 s as a function of the planar density ρ. As it happens in the strictly 2D case, for a given value of the planar density ρ, c 0 s increases by increasing the repulsive two body interaction g.
In Fig. 3 we plot the quantity c 
IV. FIRST SOUND
In this section we analyze the collisional case of a normal paramagnetic Fermi gas. To analyze a sound wave that travels in a planar direction it is important to determine the collision time τ of the gas. According to [15] and [34] , if the local Fermi surface is not strongly deformed then τ = τ 0 (T /T F ) 2 , where τ 0 = 1/(ρ (3D) σv F ) with σ the scattering cross-section and ρ (3D) the 3D density. Instead, if the local Fermi surface is strongly deformed, as in our case, then the collision time is simply given by τ = τ 0 [34] . It is easy to find that in our 2D geometry τ 0 ∼ 1/(ω z ρa 2 F ). Setting ω the frequency of oscillation of the sound wave, the wave propagates in the collisionless regime if ωτ ≫ 1 and in the collisional regime if ωτ ≪ 1.
In the collisional regime by adopting the equations of hydrodynamics [23, 25, 27 ] the planar first sound velocity c s of the Fermi gas is given by the zero-temperature formula
By using this formula and Eq. (18) we determine the behavior of c s versus ρ and of c s /v F,0 as a function of µ, as shown in Fig. 4 and in Fig. 5 , respectively. These figures, obtained both for g = 0 and for g > 0 display shell effects, namely jumps of the first sound velocity c s when the atomic fermions occupy a new axial harmonic mode.
If the interaction is negligible in the equation of state, the values ρ c of the density at which such jumps occur may be analytically obtained from Eq. (18) . In fact, we obtain the behavior of the planar density as a function of the chemical potential by setting g = 0 in the Eq. (18) and performing the sum over the quantum number j. Then, we get
where 
When the critical value of the density is approached from the left, from Eq. (37) we find that the sound velocity is
while when n c is approached form the right, we find
The height of the first jump of c s is then given by
When interactions are not negligible in the equation of state, one must use Eq. (18) to get the values of ρ for which the slope of µ exhibits discontinuities, and calculate the corresponding discontinuities in c s . For example, at the first discontinuity, which appears when l max goes from 0 to 1 the value of the density is
The corresponding discontinuity exhibited by the first sound velocity is
and
where the u's are given in Tab. 1. We observe that these shell effects are similar to the ones occurring in the 1D-3D crossover [26] , where the jumps are sharper because the sound velocity goes to zero in correspondence of the filling of planar harmonic modes, showing the crucial role played by the dimensionality. In the next section we shall discuss the experimental conditions necessary to observe shell effects in the velocity of first sound. Now we comment on the 2D-3D crossover in our fermionic gas, starting from the strictly 2D case, corresponding to l max = 0 in Eq. (16) . In this case the chemical potential µ is given by Eq. (35) and therefore from Eqs. (31) and (37) one finds
or, in terms of the Landau parameter F 0
recovering the usual result for a 2D Fermi system. Such a behavior is illustrated by the first plateau in Fig. 5 . Incidentally, note that when F 0 ≃ 0 the zero sound velocity (36) is larger than the first sound velocity (49) by a factor of √ 2. In our case, the quantity F 0 is smaller than one. Then the two velocities are different between each other also when F 0 remains finite.
We observe that the first sound velocity depends explictly on the chemical potential. In fact, remembering the relation between µ and ρ given by Eq. (18), and using Eqs. (38) and (39), one may show that the velocity of first sound takes the form:
where t(g) is a complicated but analytical function of g and of the matrix elements u's, which vanishes if g = 0. We stress that the chemical potential µ depends on the planar density ρ and on the interaction strength g. Fig. 5 shows how c s /v F,0 explictly depends on µ when axial harmonic states other than the ground states are occupied. From Eq. (50) one finds that for any g at very large ρ (i.e. also very large µ) the speed of sound is given by:
In absence of two-body interactions (g = 0) for ρ > 1/(πa 2 z ), i.e. for µ >hω z , several single-particle states of the axial harmonic well are occupied and the gas exhibits the 2D-3D crossover. Finally, for ρ ≫ 1/(πa 2 z ), i.e. for µ ≫hω z , the Fermi gas becomes 3D. In this case from Eqs. (37), (38) and (39) one finds We observe that starting from the familiar ThomasFermi formula for the 3D local density ρ(z) of the Fermi gas under axial harmonic confinement, given by
and integrating over z, one obtains exactly Eq. (52).
V. EXPERIMENTAL FEASIBILITY
We now discuss the experimental conditions to detect the zero and first sound in a quasi-2D two-component Fermi gas. We suppose that in the (x, y) plane the system is in a square box of length L = 20 µm, while in the axial direction z there is a harmonic confinement characterized by a frequency of 160 kHz, which corresponds to a characteristic length a z ≃ 0.1 µm. We consider 40 K atoms trapped in the two hyperfine states |f = 9/2, m f = 7/2 and |f = 9/2, m f = −7/2 with f the total atomic spin and m f its axial projection. In this case the s-wave scattering length reads a F = 174 a 0 , where a 0 = 0.53 · 10 −10 m is the Bohr radius [35] . For this value of a F , we can determine the value of the collective mode frequency ω c which discriminates between the collisionless and the hydrodynamic regimes. In fact, the collision time τ can be estimated as τ ∼ 1/(ω z ρa 2 F ) and the corresponding critical frequency is ω c = 2π/τ ∼ ω z (2πρa 2 F ). If the frequency ω of the collective mode is much greater than ω c (i.e. for ω ≫ ω c ) the system is in the collisionless regime; otherwise (i.e. for ω ≪ ω c ) the collective excitation is hydrodynamic-like.
One can experimentally change ω c in the Fermi gas of 40 K atoms by varying the planar density ρ. For instance, from Fig. 4 and Eq. (39) one finds that in correspondence to (ρa this case, the planar density is ρ ≃ 1.6 · 10 13 atoms/m 2 , the total number of atoms is N = ρL 2 ≃ 6.4 · 10 3 , and the critical frequency reads ω c ≃ 1.4 kHz. In addition, the zero sound velocity is c 0 s = v F,0 ≃ 0.02 m/s, while the first sound velocity is c s = v F,0 / √ 2 ≃ 0.014 m/s. Moreover, one finds that the scaled interaction strength is g = 2a F /a z ≃ 0.18. To conclude, we observe that one can change the critical frequency ω c also by varying the scattering length a F via magnetic Feshbach resonances.
VI. CONCLUSIONS
In the present paper we have considered a dilute and ultracold interacting disk-shaped Fermi gas confined in the axial direction by a strong harmonic trap and uniform in the two planar directions. In particular, we have analyzed the behavior of the velocity of propagation of the zero and first sound modes in this gas.
In the first part of the paper, we have studied the zero sound mode from the density-density response function within the linear response theory and under the random phase approximation. We have obtained the zero-sound dispersion law by calculating the poles of the densitydensity response function. Then we have analyzed the behavior of the velocity of the zero sound as a function of the planar density for different values of the Fermi-Fermi scattering length. We have verified that as in the strictly two dimensional case, in correspondence of a given value of the planar density, the zero sound velocity increases as a consequence of the increasing of the strength of the fermion-fermion interaction. We have studied, moreover, the behavior of the ratio between the zero sound velocity c 0 s and the planar Fermi velocity v F,0 at varying of the chemical potential; when, in presence of a non vanishing fermion-fermion interaction, the chemical potential is greater than a critical value, excited axial modes begin to be occupied by the fermions and c 0 s /v F,0 grows with µ. In principle, the same kind of analysis may be carried out in presence of a harmonic potential in the transverse radial plane instead of the axial direction (see [26] ). In this case, the treatment of the problem becomes much more complicated. In fact, the cigar-shaped configuration is characterized by two quantun mumbers related to the harmonic energetic levels in the planar directions. However, we expect for the zero sound velocity the same behavior as in the case of the only axial harmonic trapping.
In the second part of the paper, from the formula which relates the chemical potential of a disk-shaped Fermi gas to its uniform planar density, we have calculated the collisional sound velocity of the system. We have found that this sound velocity gives a clear signature of the dimensional crossover of the two-component Fermi gas. Our calculations suggest that the dimensional crossover induces shell effects, which can be experimentally detected. In fact, as in 1D-3D crossover [26] , also in the 2D-3D crossover the sound velocity exhibits jumps in correspondence of the filling of axial harmonic modes. We have investigated the behavior of the ratio between the first sound velocity c s and the planar Fermi velocity as a function of the chemical potential. We stress that our study shows that when only the ground state of the harmonic well is populated and when the chemical potential is sufficiently large so many excited axial modes are occupied, our results reproduce the behavior of a 2D and a 3D Fermi system, respectively.
Finally, we have discussed the possibility of observing in experiments the zero and first sound by using gases of 40 K atoms trapped in the two lowest hyperfine states. In particular, we have estimated the sound-mode frequency which discriminates between the collisionless and hydrodynamic regime. We have found that these regimes require severe geometric and thermodynamical constraints, but they can be reached with the available experimental setups. This work has been partially supported by Fondazione CARIPARO. The authors thank Giovanni Modugno for useful suggestions.
